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Math Skills Laboratory

MATH ACTIVITIES:

Activity 1: Solving Problems Than Involve Refraction of Light at a
Plane Optical Boundary

Activity 2: Graphically Locating the Image Formed by a Concave
Lens

Activity 3: Graphically Locating the Image Formed by a Convex Lens

MATH SKILLS LAB OBJECTIVES

1. Solve problems that involve refracted light at a plane boundary
between two different optical materials.

2. Use Snell’s law to find the angle of refraction.

3. Use ray-tracing techniques to locate an image formed by a
concave lens.

4. Use ray-tracing techniques to locate an image formed by a
convex lens.

LEARNING PATH

1. Read the Math Skills Lab. Give particular attention to the
Math Skills Lab Objectives.

2. Study the examples given in Activities 1, 2 and 3.
3. Work the problems for Activities 1, 2 and 3.
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ACTIVITY 1

Solving Problems That Involve Refraction of Light
at a Plane Optical Boundary

MATERIALS
For this activity, you'll need graph paper, a straightedge, a protractor and a calculator.

In Subunit 1, you learned about the reflection and refraction of light rays. This Math
Skills Lab will show you how a light ray is refracted when it strikes and passes into a
transparent material. The concepts of reflection, refraction, interference and diffraction
help us understand the operation and application of optical systems.

Two things happen when an incident ray of light strikes the plane surface of a trans-
parent material:

1. If the plane surface is polished, the incident light ray is partly reflected.

2. If the plane surface is transparent, the incident light is partly refracted—and

passes into the material.

The incident ray, reflected ray, refracted ray and normal all lie in the same geometric
plane. Recall that this plane is called the plane of incidence. See Figure 1.
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Fig. 1 Reflection and refraction at a boundary.

In the previous Math Skills Lab, you studied reflection. In this Math Skills Lab you'll
study refraction. The law of refraction helps you find out what happens to a ray of light
when it passes from one optical material into another. This law explains, for example,
that when a light ray moves through a less dense medium (like air) into a more dense
medium (like glass), the angle of refraction 65 is less than the angle of incidence 6j;.
This law also tells you that when a light ray moves from a more dense medium (glass)
into a less dense medium (air), the angle of refraction is greater than the angle of inci-
dence. The higher the index of refraction (n), the more optically dense the material.
Thus, glass (n = 1.50) is more optically dense than air (n = 1.00).

Work through Example A and see what happens to a light ray heading from air into a
sheet of glass. Examine the refracted ray only.
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Example A: Refraction of a Light Ray That Passes from a Less Dense
to a More Dense Optical Medium

Given: A light ray moves through air and strikes a sheet of glass. The ray forms an angle of
incidence 8, with the normal to the glass surface.
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Find: Which way the ray bends when it enters the glass.

Solution: The ray moves from a less dense medium (air) into a more dense medium (glass).
According to the law of refraction, the ray swings away from its original direction and
bends toward the normal. (This is shown in the drawing here.) As a result, the angle
of refraction (82) is less than the angle of incidence (6,).

We've written that “according to the law of refraction, the ray bends toward the nor-
mal, making 6. less than 6,.” How does this happen? Calculate the value of the angle
of refraction (€,). To do this, use Snell’s law.

In equation form, Snell’s law is written as:

n; sin 8, = n, sin 6,

where: n, = index of refraction for the first medium
sin 8, = sine of the angle of incidence
n, = index of refraction for the second medium
sin 8, = sine of the angle of refraction

Example B shows how Snell’'s law is used to calculate the value of the angle of refrac-
tion for the case shown in Example A.
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Example B: Calculating the Value of an Angle of Refraction

Given: A light ray moves from air into a sheet of glass. The incident ray enters the glass at
an angle of incidence equal to 30° (4, = 30°). The index of refraction for air is 1.0
(n, = 1.0). For glass, the index of refraction is 1.50 (n, = 1.50).
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Find: The angle of refraction (6.) in degrees.
Solution: Use Snell’s law, n; sin 8, = n, sin 8,, and the accompanying drawing.
n, = refractive index of air = 1.00
n, = refractive index of glass = 1.50
6, = angle of incidence = 30°
6, = angle of refraction (to be calculated)
To solve for the unknown angle (6,), first isolate sin 6, in the equation,

n; sin #; = n, sin §,. Do this by dividing both sides of the equation by n,. Then
rearrange the equation to get sin 6, on the left side.

n,sin§, "“wysinéb,

n, "B,
n,
sin 8, = — (sin §,)
n,
in 6 1.0 (sin 30°)
S1I1 = Sin
27150

To find sin 30° with a calculator, display 30° on the readout. Push the sin key. The
display will read 0.5000. Thus, sin 30° (the sine of 30°) is 0.5.

Substitute 0.5 for sin 30° in the equation and complete the calculation.
1.0

sin §, = —— x 0.50 = 0.3333
1.50

sin 8, = 0.3333

Now find the angle (6,) whose sine is equal to 0.3333. This angle is the arcsin of
0.3333. “Arcsin” is sometimes written as “sin™".” In equation form:

6. = sin™* (0.3333) = arcsin 0.3333

To find the arcsin, display 0.3333 on the calculator readout. Push inv sin or arc sin
keys. The display will read 19.47 degrees. Round this off to 19.5°.

6, = 19.5 degrees (the angle of refraction in glass)

Glass is denser than air. Therefore, the angle of refraction (19.5°) is less than the

angle of incidence (30°). The refracted ray must indeed bend toward the normal,
just as we said.
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PRACTICE EXERCISES

Problem 1:

Problem 2:

Student Challenge

Problem 3:

Given:

Solution:

Given:

Find:

Solution:

A light ray traveling in air strikes the surface of a diamond. The
angle of incidence is 35°. The index of refraction for air (n,) is
1.0. The index of refraction for diamond (n,) is 2.42.

The angle of refraction (¢,) for the light that enters the diamond.

(Use Snell’s law to find 6,. Follow the procedure outlined in
Example B.) Make a drawing that shows the incident ray,
normal, interface, and the refracted ray. Label the angles and
write the appropriate index of refraction for each medium.

An underwater light is installed in a swimming pool. A ray of
light slants upward through the water and makes an angle of
incidence of 20° at the surface of the pool. The ray continues
into the air above the pool. The index of refraction for water (n,)
is 1.33. The index of refraction for air (n,) is 1.0.

The angle of refraction (6,) for the light ray that enters the less
dense medium of air.

(Hint: Use Snell’s law to find 6,. Follow the procedure outlined
in Example B. Since light is moving from a more dense medium
[water] into a less dense medium [air], you should expect to find
that 6, [refraction angle] is greater than 6, [incidence angle].)
Make a drawing that shows the incident ray, normal, interface,
and the refracted ray. Label the angles and write the appropriate
index of refraction for each medium.

Given:

Find:

Solution:

A light ray travels from a transparent medium, where n, = 2, to a
less dense medium where n, = 1.

a. 6, when 6, =28°
b. 6, when 8, = 30°
c. 6, when 6, =35°
d. For Parts a, b and c, draw a diagram of the incident and

refracted rays. On each diagram, label the angle of incidence
and the angle of refraction.
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ACTIVITY 2
Graphically Locating the Image Formed by a Concave Lens

MATERIALS
For this activity, you'll need graph paper, a straightedge and a compass.

A lens is made from an optically transparent material such as glass or plastic. Since
light goes through a lens, the shape of the front and back surfaces of the lens is
important. Frequently, lenses have a combination of shapes. (See Figure 2.)

PLANO-CONCAVE DOUBLE CONCAVE CONCAVE-CONVEX DOUBLE CONVEX PLANO-CONVEX
LENS LENS LENS LENS LENS

B B

L ||

Fig. 2 Examples of lens shapes.

For example, one surface can be concave and the other surface flat. This combination-
is called a plano-concave lens. A double concave lens has two concave surfaces. If a
lens has one concave and one convex surface, it's called a concave-convex lens. Two
convex surfaces form a double convex lens. One flat and one convex surface make up a
plano-convex lens.

You know how to find the image formed by a concave mirror. Locating the image
formed by a concave lens is very similar to the ray-tracing technique for a concave
mirror. Let's work through an example to see how this is done.

Example C: Locating the Image Formed by a Concave Lens

Given: Sunlight is reflected from an object (such as an arrow) and passes through a double
concave lens. (See the following sketch.) The lens has two focal points, F and F’,
each located 3 centimeters from the center of the lens. The focal point F is in front
of the lens. The focal point F’ is behind the lens.
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Find:
Solution:

The image point of the arrowhead formed by the concave lens.

The image point can be found by using the ray-tracing technique. The optical axis
divides the lens in half, top to bottom. A vertical center line (broken) is shown in the
middle of the lens. All bending of light rays will be shown as occurring at this line,
even though the bending actually takes place at the front and rear surfaces of the
lens. (This gives the same result—and it's simpler doing it this way.)

Step 1:

Step 2:

Step 3:

Step 4:

Locate a point P at the tip of the arrow. From this point draw an incident
ray (ray 1) that's parallel to the optical axis and stops at the center line.
From focal point F, draw a (dotted) line to the point where the parallel ray
meets the vertical center line. From that point, continue drawing a solid,
rather than dotted, line. The solid line—to the right of the lens—represents
the refracted ray leaving the lens in an upward direction. This is ray (D.

Starting again at the tip of the arrow, (point P), drawn an incident ray
(ray 2) that goes straight through the lens at its center point. This point is
the intersection point between the vertical center line and the optical axis.
Thisisray @ .

The image point (Q) of the arrow tip is the point where ray 2 and the
dashed line of refracted ray 1 intersect. This point is located in front of the
lens. (See sketch.)

By repeating the ray-tracing procedure for other points along the object
(arrow), a series of image points (P’ and P”) are located, as shown on the
next page. The points Q, Q’, Q”, all lie along a vertical line. They form a
“virtual image” of the arrow. The image is right-side-up and much smaller
than the object itself. The image is “virtual” because you can’t find the
image on a screen if you place it there. Nevertheless, the refracted rays
leaving the lens appear to come from the virtual-image point. The image
would be seen by a person on the right side of the lens, looking back
through the concave lens.
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Problem 4: Given:

Find:
Solution:

ACTIVITY 3

A concave lens with a focal length of 6 centimeters. The focal
point F is 6 centimeters in front of the lens. The focal point F’ is
6 centimeters behind the lens. An object 3 centimeters high is
placed on the same side of the lens as the focal point F. The
object is 9 centimeters from the center line of the lens.

The image of the object formed by the concave lens.

Using graph paper, straightedge and compass, draw a scale dia-
gram of the optical system. Follow the procedure outlined in
Example C. You should locate a virtual image, somewhere
between the focal point F and the front sides of the lens. It
should be smaller in size than the object.

Locating the Image Formed by a Convex Lens

MATERIALS

For this activity, you'll need graph paper, a straightedge and a compass.

You've just learned how to locate the image formed by a concave lens. The method for
locating the image formed by a convex lens is similar. Let’s work through an example to

see how this is done.

Example D: Locating the Image Formed by a Convex Lens

Given: Sunlight is reflected from an object (such as an arrowhead) and, after reflection,
passes through a convex lens. (See the following illustration.) The convex lens has
a focal length equal to 5 centimeters. The focal points F and F’ are each 5 centi-
meters from the vertical center line of the lens.
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Find: The image of the arrow tip formed by the convex lens.
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Solution:

You can find the image of the arrowhead tip by using the ray-tracing technique as *

follows.
Step 1:

Step 2:

Step 3:

Locate a point P at the tip of the arrow. From this point, draw an incident
ray (ray 1) that's parallel to the optical axis and stops at the center line.
Then, from the stopping point, draw a line that goes through the focal
point F’ and beyond.

Starting again at the same point P on the object, draw an incident ray
(ray 2) that goes through the lens at its center and continues on, along a
straight line, until it intersects ray 1.

The image point Q of the arrow tip is the point where ray 1 and ray 2 inter-
sect, on the right side of the lens. By repeating the ray-tracing procedure
for other points along the object (arrow), a series of image points can be
located, just as was done in Example C. These points form the image of
the entire arrow.

Notice that these points form a real image. This image is upside down and
larger than the object itself. It is a real image because it will actually form
on a screen placed in the plane of the image points.

Problem 5:

Student Challenge

Problem 6:

Given:

Find:

A convex lens is 6 centimeters in diameter (from rim to rim). Its
focal points, F and F’, are each located 3 centimeters from the
vertical center line of the lens. An object that is 2 centimeters
tall is placed on the same side of the lens as the focal point F.
The object is located 4 centimeters from the center of the lens.

The image of the object formed by the lens.

Solution: Using graph paper, a straightedge, compass and the ray-tracing

Given:

Find:

technique, draw a diagram of this optical system. On the dia-
gram, label the lens, optical axis, focal points and object. Locate
the image by following the solution given in Example D.

A convex lens is 5 centimeters in diameter (from rim to rim). Its
focal points, F and F’, are each located 6 centimeters from the
vertical center line of the lens. An object that is 2 centimeters
tall is placed on the same side of the lens as focal point F. The
object is 2 centimeters from the center of the lens.

The image of the object formed by the lens.

Solution: Using graph paper, a straightedge, compass and the ray-tracing

technique, draw a diagram of this optical system. On the diagram,
label the lens, optical axis, focal points and object. Locate the
image of the object by followinig the solution given in Example D.

(Hint: The image will be virtual. It will be located on the same
side of the lens as the object.)
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